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��o c p b } c o �/a�c�x n+� �º� � b } tv�/a�_ ��o c�xH�*a+wdbdcWØT�
© �ZxH� ¬ b o a!x��»�/wdwd� n a!x`x��+bF�2�/wux9x����*x¸wd� } a ��o c p b } c o �/a o c ³ �/c�b � �/a�tq�­�/a�ª o a � ~%Ù � bdw����*a o c�x o w4Ù � � � butvc
� } b¸c�x n+��o b �´o aºx��+b9�2�/tqtv��ª o a�_+~+�/cÇÚ.tvb o a ½uÛ�Ü/Ý Ö2�������4ØT~ ©�n �Þx�� ½dÛ�Ü/Ý Ö ����� ��ØT��g�a»x��+bdc�b � � � butvc�~!x��+b p �/tqtvbua
_ } � o a o c.wd�/a+c ov� b } b � �/cF� p � } x o wutvb�� © � o c p b }��]o x�c.x�� � � � but�x��+b]wd� } a p �/tqtvbua p �*x���ª$� o tvb�xH� ¬?o a�_ o a!x��
�/wdwd� n a!x � � ¡ � }�p �+bua+� � bua�� ��n�}�o a�_ ��o c p b } c o �/a�� p �!�?c o w��*t��*a �D³�o �/tv�/_ o w��*t�wd� } a p �/tqtvbua´w���� } �/wux�b }�o c�x o wdc7~
p � } � � bux�b } c�t o a ¬ b � x��±ª o a ��o a�x�bua+c o x��Z�*a �Z��oq} bdwux o �/a»�*a � ¹�but � �*�'�Þ� } wdbdc3ÖX_ } � �!o x�� o a p � } x o w n t � } ØT� © � ³ b
� � } b p�} bdw o c�b�~�tvbux

(Xt, Yt, Zt)
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p�} �?wdbdc�c�bdc��!g�a!x } � ��n wdb.�Lc�x�� p�p�o a�_�x oq� b
T
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Zt
~!ª$� o w��­wd� }�} bdc p �/a � cÇ�*x«x oq� b

ª$�+bua­x��+b p �/tqtvbua­_ } � o a­�2bdw n a � �*x�bdc`�L�2b � �*tvb�����ª«b } � © �+bF� oq� o cÇx��Dwd� �]p�n x�b±x��+b ��o c�x }�oq³�n x o �/a6�*��x��+b
(XT , YT )

p�} �!wdbdcHc�~�x��+bF� ³ xH� o a+b ��� bua+c o x��´� n a+wux o �/a ³ b o a�_Dw��*tqtvb � �*a o a ��oq�!ov��n �*t ��o c p b } cH�*t�� n a+wux o �/a��
© � o c p � p b }5o cm� } _��*a o�� b � �/c5�Þ�/tqtv�7ªF�4{ oq} c�x o aZc�bdwux o �/a»��~/ª«b � bdc�w }�oq³ bÇx��+b$_4bua+b } �*t�� } � � buª)� }�¬ �/�+��ª p �/t¯y
tvbua ��o c p b } c o �/a o c � � � butvb ��n c o a�_±x�ª«�.� n a+wux o �/a+c�~/x��+b ³ �/w ¬ ª«� }��»��o c p b } cW�*t�� n a+wux o �/aD�*a � x��+b o a ��oq�?ov��n �*t
��o c p b } cH�*t�� n a+wux o �/a��*a � x��+b } but �*x o �/a ³ bux�ª)bdbua6x��+b � �
r?bdwux o �/a:���*a � � � bdcHw }�oq³ b­c�x n+��o b � � � � butvc=�2� } wd� } a p �/tqtvbua°_ } � o a p �*x�� n c o a�_ ��o¯®�n c o �/a p�} �?wdbdc�c�bdc��
g�a�r?bdwux o �/aÄ� p�} but oq�]o a�� } � } bdc n tqx�cF� } b=_ oq� bua�~ o a p � } x o w n t � } x��+b } but �*x o �/a bT¶ o c�x o a�_ ³ bux�ª)bdbua�x�� o c p �*x��
�*a � x��+b��/c�cH�!w o �*x�b �×o a ��oq�?ov��n �*t ��o c p b } cH�*tÇ� n a+wux o �/a��5^ c n��]� � } �Q�*� p�} � p ��c�b �Q� � � butvc ³ �QÚ.tvb o a ½uÛ
Ü/Ý Ö2�������4Ø±� } bD�*tvcH� � bdc�w }�oq³ b � ~ ³ �/c�b � �/aÄ� } ��ª$a o �*a � �/x o �/a ª o x�� ��}�o �Þx�~�ª$� o w�� p b }��]o x�c±x��ºxH� ¬ b o a!x��
�/wdwd� n a!x � b��*a�ª o a �­o a!x�bua+c o x��4�
g�aÕc�bdwux o �/aÕ�+~Çª)b � � � but � � } b p�} bdw o c�butq�	x��+b � b } x o w��*tswd� �]p �/a+bua!x �?o � o x�c � butv�!w o x�� o a+c�x�b�� � �*� o x�c
p ��c o x o �/a���È¸bua+wdb

(Zt)
o c=�*a o a!x�bu_ } �*x�b � � } a+c�x�b o a�y�i3��tvbua ³ bdw ¬Äp�} �?wdbdc�c���^`a � x�� o cLtvb�� � cLx���c�x n+� ���2� }

x�� o c p�} �!wdbdcHc�x��+b ��o c�x }�oq³�n x o �/a­�*��x��+b9¹ } c�x²y p �/c�cH�*_4b`x oq� b¸�*x$�Ftvb � but'�2� } x��+b¸c�x�� p�p�o a�_Lx oq� b
T
�?^`c)x��+b } b

o c$a+� ¬ a+�7ª$a�bT¶ p t o w o x¸�*a��*tq�?x o wFbT¶ p�} bdcHc o �/a­�2� } x��+b � bua+c o x��º� n a+wux o �/a�~�ª)b p�} � p ��c�bs�*a�� p�p�} �d¶ oq� �*x o �/a��
{+� } x�� o c±ª«b � � ¬ bZ�Dx oq� b]wH���*a�_4b]tvb�� ��o a�_­x��­� p�p�} �d¶ oq� �*x�bZx��+bL¹ } c�x p �/c�cH�*_4b � bua+c o x����*�$�´c�xH�*a � � } x
� } ��ª$a o �*a � �/x o �/a x�� } � n _���x��­w n�}�� b ��³ � n a � � } � �*a � ª)bD� p�p tq� �´x��+bd� } b � ��n b�x���j n�}�³�o a:Ö ����� �4ØT�
© �+bua��=a+buª o a ��oq�!ov��n �*t ��o c p b } cH�*t�� n a+wux o �/a o c9� ³ xH� o a+b � �
g�aDc�bdwux o �/a­��~�x��+b p�} � p ��cHb � c�xH�*x o c�x o w��*t � � � but o c � bdc�w }�oq³ b � �*a � � l!n �/c o y&t oq¬ but o �+�!� �»� bux��+� �»o c n cHb � x��
bdc�x oq� �*x�b p � } � � bux�b } c%�*� ��o¯® b } bua�x p�} � p ��c�b �sp � } � � bux }�o w o a ��oq�?ov��n �*t ��o c p b } cH�*t4� n a+wux o �/a+c�� } � � � ³ c�b }�� b �
� �*xH��� © �+b } bdc n tqx�c±� } b=_ oq� bua��*a � wd� �]p � } b � x��ºw��+�?��c�b=x��+b � ��c�x`¹+x�x�b ��� � � but&~ n c o a�_­�´w }�o x�b }�o �/a �*�
^ ¬ � oq¬ b)x�� p b«�*a � _ } � p � o w � bux��+� � c��/{ o a��*tqtq�=� ��o cHw n c�c o �/a o c � � � b o aDr?bdwux o �/aDÅ��*h�� } bd� � b }5p � } � � bux�b } c
�*� p�} � p ��c�b �L� � � butvc5w��*a ³ b�t o a ¬ b � x�� � bux�bd� } �/tv�/_ o w��*t � �*xH��~/wd� } a ³�o �/tv�/_ o w��*t��*a �=p ����c o w��*t p � } � � bux�b } c��
© �+bua°x��+bdc�b � � � butvc]��� � b�x��+b�� ��� �*a�xH�*_4b­x��Ä�*tqtv�7ª p�} b ��o wux o �/a+c��mÈ¸bua+wdb­x��+b­bdc�x oq� �*x�b � p � } � � bux�b } c
� �*t n bdc3� } b±wd� �]p � } b � ª o x���� � � o t � ³ tvb p ����c o w��*t � �*xH��~�� ³ xH� o a+b ��o a � b p bua � bua�x�tq���*�5� ³ c�b }�� b ��� �*xH���
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© ª)� p �/tqtvbua»cH� n�} wdbdc)� } b n cHb � �!�`a+b3wd�/a!xH� o a+c)�+� � � � �?_4� n c p t �*a�x�c)��� �?o a�_=� � � �]o a��*a!x)_4bua+bux o w � � }�¬ b }
wd�/tv� }�o a�_�x��+b¸wd� } a´_ } � o a+c o a ³ t n b�� © �+b¸�/x��+b } c�� n�} wdb.wd�/a�xH� o a+c$wd� �]� �/aº�+� � � � �?_4� n c$wd� } a p t �*a�x�cÇa+�/x
_4bua+bux o w��*tqtq� � � }�¬ b � � © �+b p t �*a�x�c`� } � � x��+bLcHbdwd�/a � c�� n�} wdb�� } b n c�b � �/c } bdwdb p x�� } c7~��*a � b��/w����*�mx��+��c�b
� ® c p�}�o a�_ p t �*a�x ³ b o a�_�_4bua+bux o w��*tqtq� � � }�¬ b �º} bdc n tqx�c«� } � � �s�Þbdw n a � �*x o �/a ³ �´�=wd� } a­c�bdb � � } � � x��+b`¹ } c�x
c�� n�} wdb�� © �+b } bT�2� } b�~%x��+b»a n��L³ b } �*� ³ t n bTy � � }�¬ b � _ } � o a+c o a°�*a×b�� }=} b���bdwux�c�bT¶��/wux�tq�Äx��+b p �/tqt o a��*x o �/a
o a!x�bua+c o x�� ³ �ºx��+b¸¹ } c�x`c�� n�} wdb n�p �/a­x��+bFc�bdwd�/a � c�� n�} wdb��
© ª)��� n a+wux o �/a+c3w��*a ³ b � bT¹+a+b � x�� � bdcHw }�oq³ b p �/tqtvbua ��o c p b } cH�*t&�
© �+bZ¹ } c�x=�/a+b o cst o a ¬ b � x�� p �+bua+� � bua����?wdw n�}�}�o a�_��*xLx��+b p �/tqtvbuaQc�� n�} wdbº�*a � o c=w��*tqtvb � x��+bD�Þ� } ªÇ� }��
� p�p�} �4�/wH��� © �+b3b ® bdwux oq� b o a ��oq�?ov��n �*t ��o c p b } cH�*t�� n a+wux o �/a

γ(x, y)dxdy
� bdc�w }�oq³ bdc�x��+b p�} � ³ � ³�o t o x��Dx����*x)�

p �/tqtvbua»_ } � o aºb �]o x�x�b � �*x p � o a�x
(0, 0)

�2�*tqtvcÇ�*a � �2b } x o t o�� bdc$� p t �*a!xÇtv�!w��*x�b �´o a
((x, y), (x + dx, y +dy))

�
g�x o c3��x�ª«�*y ��oq� bua+c o �/a��*t p�} � ³ � ³�o t o x�� � bua+c o x��»� n a+wux o �/a��
© �+bÇc�bdwd�/a � � n a+wux o �/a o c�x��+b ³ �/w ¬ ª«� }��Z��o c p b } cH�*t?� n a+wux o �/a�~

µ(x, y)
��g�x } b p�} bdcHbua�x�c5x��+b p�} � ³ � ³�o t o x��=x����*x

��wd� } a�_ } � o a6tv�!w��*x�b � �*x p � o a�x
(x, y)

o c p �/tqt o a��*x�b ��³ �»x��+b � � }�¬ b � c�� n�} wdb��
© � o cZ� n a+wux o �/a o cZx��+b � ��c�x o a�x n�o x oq� b��*a � x��+b � ��c�x n c�b �°³ � ³�o �/tv�/_ o w��*t p bd� p tvb���^¸cD���2�/wux p �/tqtvbua
o c9� � b } � ³�n a � �*a�x�� © � o c oq�]p t o bdc3x����*x p �/tqt o a��*x o �/a��!wdw n�} c3�/wdwd� }���o a�_»x��]x��+b p �/tqtvbua6wutv� n+� wd� �]p ��c o x o �/a
� ³ � � bÇ� p t �*a!x9Ö © � o c%xH� ¬ bdc o a!x��¸�/wdwd� n a!x5x��+b)wd� �]p bux o x o �/a ³ bux�ª)bdbua p �/tqtvbuaL_ } � o a+c o a=x��+b p �/tqtvbua�wutv� n+� ØT�
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∑SA

k=1 γ(x − xk, y − yk)
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γ(x, y) =

∫ +∞

0
gt(x, y)f(t)dt
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∫ ∫
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Θ = R
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




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o c¸���ÔcÇ¹+a o x�bL�*a �­o c¸�De.g�e(ª o x�� p � } � � bux�b } c 1

2

~

λ +
f2

z

2τ2
z

�*a � h2

2τ2
z

��ÖÞÚ.tvb o a ½dÛ«Ü/Ý �������4Ø

h�� � but��º��{ oq} c�x3� o x�x o a�_Zx oq� bF�*�m�=tvb � but È`b } b�x��+b p �/tqtvbua�_ } � o a p �*x��Äc�x�� p c.ª$�+bua o x±� o x�c±x��+b=�2b � �*tvb
���7ª)b } �+b o _���x���È`bua+wdb3x��+b p �/tqt o a��*x o �/a»x oq� b o cmx��+b3¹ } c�x²y p �/c�cW�*_4b9x oq� b`�*x«x��+b9�+b o _��!x

h
�*a �

TF = Th =

inf{t > 0, Zt = h} ��^¸c fz
o c¸a+bu_��*x oq� b�~

Th
o c.���Ôc3¹+a o x�b]�*a ��o c¸�ºe.g�e ª o x�� p � } � � bux�b } c 3

2
,

f2
z

2τ2
z

�*a �

h2

2τ2
z

��ÖÞc�bdb¸�2� } bT¶+� �]p tvbFÚF� } �*x � �/c`�*a � r!� } b � b�~ ������� Ø

h�� � but��º��e±bua+b } �*t o�� �*x o �/a © �+b p �/tqt o a��*x o �/a»x oq� b o cÇ�=e.g�e
(α, ρ, η)

ª$�+b } b3x��+b
α
p � } � � bux�b }Ço c n a+c p bTy

w o ¹�b � �4g�x o a+wut n+� bdc ³ �/x�� p�} b �?o � n c � � � butvc��*a �]p b }��]o x�cmx��±xH� ¬ b o a�x��L�/wdwd� n a!x�x��+b � bu_4buxH�*x o �/a o a � n bua+wdb
�/a­x��+b p �/tqt o a��*x o �/a�x oq� b��

<>= ! = ! � � A����*�9A���§/C�A��X¤ ����¦*¤�§/C��	� �%¨�¥��9� �%¤
� � �]p�n x o a�_

γ(x, y)
n c o a�_F� } � p b } x��­Ö � Ø%tvb�� � cmx��±bT¶ p t o w o x��2� }��sn t �/bÇ�2� }5o a ��oq�?ov��n �*t ��o c p b } cW�*t�� n a+wux o �/a+c

bT¶ p�} bdc�c o �/a o a­x��+b±x�� } bdbsw��/c�bdc9c o a+wdb±ª«bF� ³ xH� o a�e.È¸j ��o c�x }�oq³�n x o �/a

��bux
δ =

τz

τ |h| , λx =
fxh

ττz
, λy =

fyh

ττz
, λz =

fzh

τ2
z

, λ̃2
z = (2λh2 + λ2

z)
1

τ2
z

Ö2Å4Ø

{+� } h�� � but � ~ K1/2(s) =

√

π

2
s−1/2e−s �*a �

γ
���/c­�×c oq�]p t o ¹�b � bT¶ p�} bdcHc o �/a|�*a �:o cºw��*tqtvb � e © h

Ö&e.bua+b } �*t o�� b ��©�n �Þx��Zh�� � but Ø¸�

fGTM(λ̃z, λx, λy, δ;x, y) =
δ2λ̃ze

λ̃z

2π

e−
√

pq(x,y)

√

q(x, y)
eδ(λxx+λyy)

{+� } h�� � but���~ K3/2(s) =

√

π

2
s−1/2e−s(1 + s−1)

�*a �
γ
o c±�Dz`g�e ÖÞz¸� }�� �*t5g�a � b } c�b]e±� n c�c o �*a'Ø9ª o x��

c���� p b

fNIG(λz, λx, λy, δ;x, y) =
δ2eλz

2π

(q(x, y)−1/2 + p1/2)

q(x, y)
e−

√
pq(x,y)eδ(λxx+λyy) Ö&��Ø

�



h�� � but�� o c`�Ze.È`j(ª o x�� p � } � � bux�b } c
(δ, λx, λy, λz, α)

� bT¹+a+b ��o aÄÖ2Å4ØT�
� bºw��*a c�x } bdc�c�x����*xDx��+bº�*a o cH�/x } � p � � p�p b�� } c o a°x��+b­bT¶ p �/a+bua�x o but9x�b }�� ~

eδ(λxx+λyy) ~��2� } x��+bºx�� } bdb
� � � butvc��
© �+bdc�b � � � butvc±��� � b ³ bdbua bdc�x oq� �*x�b � �/a � �*xH��� © �+b } b�ªÇ�/cs�*a o a�� � b l�n �/wu� ³ bux�ª)bdbuaÄx��+b p � } � � bux�b } c
bdc�x oq� �*x�b � �*a � x��+b p ����c o w��*tÇ�/a+bdcsx����*x=wd� n+�Ä³ bD� ³ cHb }�� b � ÖÞc�bdbºr?bdwux o �/aQÅ��*a �I© � ³ tvb�ÖX�!Ø±�2� }s� � } b
p�} bdw o c o �/a+cTØT� © � o c o c�� ��} �dª ³ �/w ¬ �2� } � p�p t o w��*x o �/a+c«c o a+wdb o x o c oq�]p ��c�c oq³ tvb$x�� � � ¬ b p�} b ��o wux o �/a+c o aZ�/x��+b }
c o x n �*x o �/a+c7� © � o c o c$ª$�!�´ª«bFwd�/a+c ov� b } �+b } bL�=a+buª � � � but&�

� � ��� �
�9Í��BA ��Ì'Í�Ò�Ñ A Î±Ï
�	���1A Î±Ï
�	��Ò�Ë


(Zt) �

Ò�� Ò²Ì��
�
�	��Î±Ñ�Ò²Ì	�

{ } � � � p ����c o w��*t p � o a�xÇ�*� �?o buªF~ p�} b �?o � n c � � � butvc$� } b¸�/a�tq� ³ �/c�b � �/a p �*x��­wd� �]p �/a+bua!x�c$�*��x��+b p �/tqtvbua
_ } � o a��5È¸��ª«b � b } ~�� } � � � ³�o �/tv�/_ o w��*t p � o a�xZ�*� �?o buª o a � �*a!�×w��/cHbdc�~ � butv�!w o x�� o c l!n�o x�b oq�]p � } xH�*a!xZx��
� � � but,x��+b p �/tqtvbua�_ } � o a p �*x���� � b � b � butv� p x�� o c`� p�p�} �4�/wH� o a�x�� o c9cHbdwux o �/a�~'� p �/tqtvbua�_ } � o a ³ b o a�_Dc�x o tqt
c�bdbua6�/c`� p � } x o wutvb��
© �+b � b } x o w��*t'wd� �]p �/a+bua�x

(Zt)
o c � � � butvb �D�!o � o x�c � butv�?w o x�� n c o a�_]� } a+c�x�b o a�y�i`��tvbua ³ bdw ¬Dp�} �?wdbdc�c�~4�+bua+wdb

(Zt)
o c9�*a o a!x�bu_ } �*x�b � � } a+c�x�b o a�y�i`��tvbua ³ bdw ¬­p�} �?wdbdc�c�� � b p�} � p ��cHb.x��=c�x n+� �´�*a6� p�p�} �d¶ oq� �*x o �/a��*��x��+b

� bua+c o x���� n a+wux o �/a×�*�9x��+bD¹ } c�x p �/cHcH�*_4bDx oq� bº�*x=tvb � but
h
�Þ� } x�� o c p�} �!wdbdc�c7��{+� } x�� o c=ª)b � � ¬ b´�6x oq� b

wH���*a�_4b3tvb�� ��o a�_�x��L� p�p�} ��¶ oq� �*x�b.x��+b9¹ } c�x p �/c�cH�*_4b � bua+c o x��D�*�%�Lc�xH�*a � � } xÇ� } �7ª$a o �*a � �/x o �/a»x�� } � n _��!x
�×w n�}�� b �·³ � n a � � } �·�*a � ª«b � p�p tq�·�Ix��+bd� } b � ��n b�x��°j n�}�³�o a Ö ����� �4ØT�Ô{ o a��*tqtq�Õ�Ia+buª o a ��oq�?ov��n �*t
��o c p b } c o �/aº� n a+wux o �/a o c9wd� �]p�n x�b � �
f`bdw��*tqt�x����*x

Pt = (Xt, Yt, Zt)
o c`x��+b p ��c o x o �/a��*�«� p �/tqtvbua�_ } � o a��*x¸x oq� b

t
o a

R
3 �*a � P0 = (0, 0, 0)

�
^`a � x��+b p �/tqt o a��*x o �/a�x oq� b±ª o tqt ³ b.xH� ¬ bua��/c o a�w��/c�bL�º�
T = ν = inf{t > 0, Zt = h} �g�a�x�� o c�a+buª � � � but&~�w��*tqtvb � h�� � but��+~/x��+b p�} �!wdbdc�c

(Xt, Yt)
} b p�} bdc�bua�x o a�_Lwd� �]p �/a+bua!x�c o a]x��+bÇ�+� }�o�� �/a�xH�*t

p t �*a+b o c3c�x o tqt��/c�c n�� b � x�� ³ bs�Zx�ª«�*y ��oq� bua+c o �/a��*t5� } �7ª$a o �*a � �/x o �/a6ª o x�� ��}�o �Þx���È¸bua+wdbFx��+b � � } _ o a��*t
��o c�x }�oq³�n x o �/a��*�

(Xt, Yt)
o c9c�x o tqt,_ oq� bua ³ �­b l�n �*x o �/aIÖ2�4ØT�

� n xºx��+b � b } x o w��*tFwd� �]p �/a+bua!x
(Zt)

o c � � � butvb �·� � } b p�} bdw o c�butq� n c o a�_°x��+b����*a�_4b �?o a|b l�n �*x o �/a��9g�x
p b }��]o x�c±x�� o a!x } � ��n wdbDx��+b]�&�/wux±x����*xsx��+b p �/tqtvbua _ } � o a o cFc n�³�¡ bdwuxFx����´�Þ� } wdb } bdc n tqx o a�_­� } � � _ } � �?o x��
³�n x$�*tvc��s� } � � �Fª o a � �2� } wdb�� © � o c«wd�/a+c o c�x�c o a � � � but o a�_�x��+b � butv�?w o x��º�/c��2�/tqtv��ª o a�_�ª o x����*a�� } a+c�x�b o a�y
i`��tvbua ³ bdw ¬ºp�} �?wdbdc�cF�

dVt = (dz − βVt)dt + ηzdBt, v0 = 0

Zt =

∫ t

0
Vs ds, z0 = 0

Ö2�4Ø

�/c�c n��]o a�_]x����*x
ηz
o c p ��c o x oq� b�~

β > 0
�*a �

dz < 0
�

dz
o c��.�2� } wdb } bdc n tqx o a�_s� } � � _ } � �?o x��D�*a �

ηzdBt
} b p�} bdc�bua�x�c)x��+b3wd�/a!x }�oq³�n x o �/a+cÇ�*��x��+b$�Þ� } wdb¸� p�p t o b �Z³ �

x��+b.ª o a � �/a6x��+b p � } x o wutvb ��n�}�o a�_ o x�c$x } � ¡ bdwux�� } �ºª$�+��c�bs� } b±a+�/x3�*t } b�� � � o a�x��+b¸� }�o wux o �/a�x�b }�� −βVt
�

© �+b p�} �?wdbdc�c
Zt

o c9w��*tqtvb � �*a o a!x�bu_ } �*x�b � � } a+c�x�b o a�y�i`��tvbua ³ bdw ¬�p�} �?wdbdc�c��
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�Ä§ 	�� ÃHÃ����R�/��
DÛ��?Ü4Û
β
� Ã#��À*Ã��XÛ����*½�)

dz
� Ã ��½0
�Ü�Û��/�/½�Ü��'Â

v0 = 0
)
Zt

ÃdÜ�Û�� Ã/N«½WÃ

Zt =
dz

β
t − dz

β

(1 − e−βt)

β
+

ηz

β

∫ t

0

(

1 − e−β(t−s)
)

dBs
Ö � Ø

3L½����H½
E(Zt) =

dz

β
t − dz

β

(1 − e−βt)

β

Ü��'Â
V ar(Zt) =

η2
z

β2

(

t +
4e−βt − 3 − e−2βt

2β

) +

Å



� } �?�*�$��{ oq} c�x�~��Þ� }
β > 0

~'� p�p tq� o a�_Dg�x�� =ÔcÇ�2� }��sn t ��x��Zx��+b p�} �!wdbdc�c
St = exp(βt)Vt

~+�/a+b±� ³ xH� o a+c

Vt =
dz

β
− dz

β
e−βt + ηze

−βt

∫ t

0
eβsdBs

© �+b n c�bs�*��x��+b±{ n�³�o a o x��+bd� } b � �2� } c�x��!wH���/c�x o w o a!x�bu_ } �*tvc=ÖÞ� } �/x�x�b } ~ ����� �4Ø«tvb�� � c$x����

Zt =
dz

β
t +

∫ t

0

{(

−dz

β

)

e−βs + ηze
−βs

∫ s

0
eβudBu

}

ds

=
dz

β
t − dz

β

(1 − e−βt)

β
+

ηz

β

∫ t

0

(

1 − e−β(t−u)
)

dBu

{ } � � � ³ � � b�~�ª)b � b ��n wdb ��oq} bdwux�tq�´x��+bsbT¶ p bdwuxH�*x o �/a6�*�
Zt
�

{+� } x��+b � � }�o �*a+wdb�~�ª«b±��� � b

V ar(Zt) =
η2

z

d2
z

∫ t

0

(

1 − e−β(t−s)
)2

ds =
η2

z

d2
z

∫ t

0

(

1 + e−2β(t−s) − 2e−fβ(t−s)
)

ds

È¸bua+wdb.ª)bF� ³ xH� o a���b �]� � � �
��bux n c9c�x } bdc�cÇx����*x`�/c

t
x�bua � c9x��

+∞ ~��/a+b±���/c

E(Zt) ∼
dz

β
t
�*a �

V ar(Zt) ∼
η2

z
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z

t
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��bux n c$a+�7ª � bT¹+a+b
νh = inf{t > 0, Zt ≥ h} ª$�+b } b
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o c � bT¹+a+b ��o aÄÖ2�4ØT� Ö ��� Ø
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dz < 0

)
β > 0

Ü���Â
h < 0
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»Û����D½
νh
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� } �?�*�$� � b±��� � b

P(νh = +∞) = P(∀t, Zt > h) = P( lim
t→+∞

↘
⋂

u≤t

{Zu > h})

= lim
t→+∞

P(
⋂

u≤t

{Zu > h}) ≤ lim
t→+∞

P(Zt > h)

i¸c o a�_�x��+b6� p�p�} ��¶ oq� �*x o �/aÕ�*�
E(Zt)

o a(Ö � �4ØT~mª)b6��� � b
h − E(Zt) > 0

ª$�+bua
t
x�bua � c»x�� o a�¹+a o x��4�

^ p�p tq� o a�_]x��+bs� o bua���� � bTy © w��+b ³ �!x�wH�+b ��o a+b l!n �*t o x��4~�x��+bua�ª)bF� ³ xH� o a

P(Zt > h) = P(Zt − E(Zt) > h − E(Zt)) ≤
V ar(Zt)

(h − E(Zt))2

r!x o tqt��/wdwd� }���o a�_»x��D� p�p�} �d¶ oq� �*x o �/a o aIÖ � �4ØT~+ª)bF� ³ xH� o a
limt→+∞ P(Zt > h) = 0

�*a � x��+b } bdc n tqx��

© �+b ��o c�x }�oq³�n x o �/a´�*�
ν
o c�x��+b � bua+c o x��Z�*��x��+b9¹ } c�x p �/c�cW�*_4b$x oq� b3�*�,tvb � but

h
�2� } �*a o a!x�bu_ } �*x�b � � } a+c�x�b o a�y

i`��tvbua ³ bdw ¬ p�} �?wdbdc�c�~�ª$� o w�� o c ��o¯® b } bua!xL� } � � p�} b �!o � n c � � � butvc7�%^`tqx��+� n _��Ix��+b´wd� �]p�n xH�*x o �/a �*�9x��+b
� bua+c o x��±�*�+x�� o c ¬?o a � �*� p�} �!wdbdc�c����/c ³ bdbuasc�x n+��o b � �Þ� } c�b � b } �*t��4b�� } c%x��+b } b o c�a+� ¬ a+�7ª$a=bT¶ p t o w o x%�*a��*tq�?x o w
bT¶ p�} bdc�c o �/a�� � bLc�x n+� �6�+b } b=�*a�� p�p�} �d¶ oq� �*x o �/a �*�mx��+b

ν
� bua+c o x��6� n a+wux o �/a�~ n c o a�_­�*a�� p�p�} ��¶ oq� �*x o �/a

�*��x��+b¸¹ } c�x p �/c�cW�*_4b � bua+c o x��­�*�m��� } �7ª$a o �*a � �/x o �/a�x�� } � n _�����w n�}�� b ��³ � n a � � } ��ÖÞj n�}�³�o a�~ ����� �4ØT�
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� b.a+bdb � x�� � bT¹+a+b±x��+b l�n �*a!x o x o bdc

bz =
−dz

ηz
√

β
, cz =

−β3/2h

ηz

ª o x��
bz > 0

�*a �
cz > 0.

Ö � �4Ø

^`a � x��+bs� n ¶ o t o � } �D� n a+wux o �/a+c

H(t) = 1 − e−t − t, g(t) = t − 1.5 + 2e−t − 0.5e−2t, Aθ(t) = bzH(t) + cz.
Ö � �4Ø

z¸�/x�b.x����*x
H(t) ' − t2

2

�*x9x��+b.a+b o _�� ³ � } �+�?� � �*�
0
�*a �

H(t) ' 1 − t
�*x9x��+b±a+b o _�� ³ � } �+�?� � �*�

+∞ �
g(t) ' − 1

3 t3
�*x9x��+b.a+b o _�� ³ � } �+�?� � �*�

0
�*a �

g(t) ' t − 3
2

�*x$x��+b±a+b o _�� ³ � } �+�?� � �*�
+∞ �

� G*�D��¦���� 	�� ÃHÃ����D½´Û��?Ü4Û
(Zt)
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νh
)¸Â!½�N���½�Â3���

5 )-)�<Q) ��Ü�� 'H½�Ü����'Á�À 0����ZÜ�Û�½�Â�'T¾

p(t) =
βg′(βt)

√

2πg(βt)

[

A(βt)

g(βt)
− A′(βt)

βg′(βt)

]

exp

(

−A(βt)2

2g(βt)

) Ö � �!Ø

� } �?�*����{ oq} c�x�~��±x oq� b¸w����*a�_4b¸tvb�� � c«x��L� p�p�} ��¶ oq� �*x�b.x��+b3¹ } c�x p �/c�cH�*_4b � bua+c o x��D�*�%�s� } ��ª$a o �*a � �/x o �/a
w } ��c�c o a�_D��w n�}�� b ��³ � n a � � } �4~ � b p bua ��o a�_»�*��x oq� b��
g�a � bdb �

νh(Z)
cH�*x o c�¹�bdc

νh(Z) = νh(Y ) = inf{t > 0, Yt ≤ fθ(t)}
ª$�+b } b

Yt =

∫ t

0

(

1 − e−β(t−s)
)

dBs
�*a �

fθ(t) =
βh

ηz
− dz

ηz
t +

dz

ηzβ
(1 − e−βt)

�

j.bT¹+a+b±a+�7ª|x��+b p�} �?wdbdc�c
Ỹt =

∫ t

0

(

1 − e−(t−u)
)

dBu
� © �+bua

Yt
D
=

1√
β

Ỹβt
� © �+b } bT�2� } b

νh(Y )
D
= inf{t > 0, Ỹβt ≤

√

βfθ(t)} =
1

β
inf{u > 0, Ỹu ≤ −Aθ(u)} =

1

β
ν̃(Ỹ )

Ö � �4Ø

ª o x��
Aθ

� bT¹+a+b �­o aIÖ � �4ØT�
© �+b p�} �?wdbdc�c

(Ỹt)
o cs�´wd�/a!x o a n � n cLtv�!w��*t � � } x o a�_��*tvbD�/c.x��+b } bdc n tqxF�*�Ç�*a g�x�� o a�x�bu_ } �*t&~,ª o x��

Ỹ0 = 0
�

È¸bua+wdb o x�c3�/c�c��?w o �*x�b �­o a+w } b��/c o a�_ p�} �!wdbdc�c o c

g(t) = < Ỹ >t=

∫ t

0

(

1 − e−(t−s)
)2

ds = t +
4e−t − 3 − e−2t

2

� tvb�� } tq�
lim

t→+∞
< Ỹ >t = +∞ �*a � x��+bF� n a+wux o �/a

g
o c`�*a o a+w } b��/c o a�_´wd�/a � bT¶ ³�o ¡ bdwux o �/a�� } � �

[0,+∞)
x��

[0,+∞)
�

j.bT¹+a+b±a+�7ª
T (s) = inf{t > 0, < Ỹ >t > s} � � tvb�� } tq�

T (s) = inf{t > 0, g(t) > s} = g−1(s).
Ö � Å4Ø

^ x oq� bFw����*a�_4bsx��+bd� } b � Ö �2� } bT¶�� �]p tvbFf`�/_4b } c3�*a � �	o tqt o � � cLÖ ����� �!ØT~ p Å*�!ØÇ_ oq� bdc

ỸT (s) = Ỹg−1(s)
D
= B̃s

Ö � ��Ø

�



ª$�+b } b
B̃s

o c3�Zr!xH�*a � � }�� � } ��ª$a o �*a � �/x o �/a�� © �+bua n c o a�_�Ö � �4ØÇ�*a � Ö � ��Ø

inf{s > 0, ỸT (s) ≤ −Aθ(g
−1(s))} D

= inf{s > 0, B̃s ≤ −Aθ(g
−1(s))} = g(ν̃(Ỹ ))

�+bua+wdb
ν̃(Ỹ )

D
= g−1

(

inf{s > 0, B̃s ≤ −Aθ(g
−1(s))}

) �
i¸c o a�_]x��+b¸�2�/tqtv��ª o a�_ p�} � p b } x��­�*�5� } ��ª$a o �*a � �/x o �/a

Bt
L
= −Bt

�*a � a+�/x o a�_
aθ(s) = Aθ(g

−1(s))
~+ª)b � b ��n wdb±x����*x

νh(Y )
D
=

1

β
g−1

(

inf{s > 0, B̃s ≥ aθ(s)}
) Ö � �4Ø

z¸��ª ª«b�� p�p�} ��¶ oq� �*x�b�x��+b � bua+c o x�� �*�±x��+b�c�x�� p�p�o a�_Äx oq� b
inf{s > 0, B̃s ≥ aθ(s)}

³ � � � bua+c o x��
� n a+wux o �/a�a+�/x�b �

rθ(t)
�

© �+b � bT¹+a+b � � n a+wux o �/a
aθ
o c

C1 �/aZx��+b o a�x�b }�� �*t (0,+∞)
ª o x��

aθ(0) = cz > 0
Ö ³ bdw�� n c�b

h < 0, dz < 0�*a �
β > 0

ØT��h�� } bd� � b } ~
a
o c9wd�/a+w�� � b´Ö ³ bdw�� n c�b

g
o c9wd�/a � bT¶�ØT�

^ p�p tq� o a�_Z�*a6� p�p�} ��¶ oq� �*x o �/a�x��+bd� } b � �Þ� } x��+b¸¹ } c�x p �/c�cW�*_4b � bua+c o x��º�*���=� } ��ª$a o �*a � �/x o �/a�w } ��c�c o a�_
��w n�}�� b �­³ � n a � � } � ÖÞj n�}�³�o a�~ ����� �4ØT~+ª«bF� ³ xH� o a�� � bua+c o x��»� n a+wux o �/a

rθ(t) =
1√
2πt

(

aθ(t)

t
− a′θ(t)

)

exp

(

−aθ(t)
2

2t

)

© �+b } bT�2� } b±ª)b � b ��n wdbs�*a�� p�p�} �d¶ oq� �*x�b �6� bua+c o x��
p(t)

�2� } x��+b � bua+c o x��»� n a+wux o �/a6�*�
νh
n c o a�_�Ö � �4ØT�

f`b � � }�¬ � � b.��� � b −bzt + cz ≤ aθ(t) ≤ −bzt + (bz + cz)
�2� } �*tqt

t > 0
ÖXª$�+b } b

aθ(t) = Aθ(g
−1(t))

ØT�
g�a6�&�/wux±wutvb�� } tq�6ª«bL��� � b −t ≤ H(t) ≤ 1 − t

�'^`a�b��/c��6c�x n+� ���*��x��+bL� n a+wux o �/a
t 7→ g−1(t) − t

tvb�� � c
x��

g−1(t) ≥ t
�Þ� }

t ≥ 0
�'g�a�x��+bscH� � bsª«���­ª)b=� ³ xH� o a

H(g−1(t)) ≥ −t
�2� }

t ≥ 0
��È¸bua+wdbFª)b � b ��n wdb

x����*x −t ≤ H(g−1(t)) ≤ 1 − t
�*a � x��+b } bdc n tqx��

È¸bua+wdb.ª)bFw��*a�wd� �]p�n x�bL�*a o a ��oq�?ov��n �*t ��o c p b } cH�*t�� n a+wux o �/aÄ�

� ¦�������¦8¥�� ! �/	FÛ���½LÂ�½��+Ã��ÞÛÞ¾
	������dÛ��2À���À"	FÛ���½ ��À/ÝXÝ7�/�'Ü4Û��ÞÀ���Û����Z½
T = νh

� ÃFÜ�����Á²À 0��/�ZÜ�Û�½�Â�'u¾»Û���½ 	������ %
Û��2À��

pθz(t)
Â�½�N ��½�Â.�/� 5 ) � <]¿*��½TÁ�½

θz = (bz, cz)
))Û���½���Û���½LÂ�� ÃuÛÞÁ���'���Û��ÞÀ���À"	

(Xν , Yν)
Ü4Â��R�ÞÛXÃ±Û���½�	dÀ/ÝXÝ¯À %

¿�����
´Â�½���Ã��XÛÞ¾��

γ(θ;x, y) =
λ2

π
exp (2λ(rxx + ryy))

∫ +∞

0

1

t
exp

(

−(r2
x + r2

y)t −
λ2(x2 + y2)

t

)

pθz(
t

β
)dt

Ö ��� Ø

¿��ÞÛ��
θ = (rx, ry, λ, bz , cz)

)
r2
x =

f2
x

2τ2β
, r2

y =
f2

y

2τ2β

)
λ2 =

β

2τ2

Ü��'Â
θ ∈ R

2 × (R+)3
+

� } �?�*�$� © �+b ¡ � o a!x ��o c�x }�oq³�n x o �/a��*�
(Xt, Yt)

o c$_ oq� bua o aIÖ2�4ØT�
h�� } bd� � b } �/wdwd� }���o a�_ºx�� © �+bd� } b � � ~+x��+b

ν
� bua+c o x��­� n a+wux o �/a o c¸� p�p�} ��¶ oq� �*x�b ��³ �

pθz(t)
�'^`a � c o a+wdb

(Bt)
o c o a � b p bua � bua�xÇ�*�

(B1
t , B2

t )
~ o x o cmwutvb�� } x����*x

(Xt, Yt)
o c o a � b p bua � bua�xÇ�*�

νh
ÖXª$� o w��»�/a�tq� � b p bua � c

�*��x��+b � b } x o w��*t%wd� �]p �/a+bua�x
(Zt)

ØT�
© �+b } bT�2� } bs� p�p tq� o a�_Zx��+b.�2� }��sn t ��Ö2�4ØT~

(Xν , Yν)
���/c`� � bua+c o x��­�/a

R
2 ª o x��

γ(x, y) =

∫ +∞

0
gu(x, y)pθz (u)du

�



© �+b � � }�o � ³ tvbFw����*a�_4b
t = βu

_ oq� bdc$x��+b } bdc n tqx��
^3�Xx�b }�� � � but o a�_ ��o¯® b } bua�x p � } � � bux }�o w o a ��oq�!ov��n �*t ��o c p b } cW�*tÇ� n a+wux o �/a+c�~ o x o cZa+bdwdbdc�cH� } �×x���bdc�x oq� �*x�b
p � } � � bux�b } c­�*a � x��+bua:x��Iwd� �]p � } b�x��+b } bdc n tqx�c o a	� }�� b } x��ÄwH�+�!��c�b�x��+b � � � but`x����*xD¹+x�c ³ bdc�xDx��+b
� ³ c�b }�� b �6� �*xH���

� �`Ì��$Ì'Ò���Ì�Ò�Ñ ��� �9Ë
��� � ��Ò��

�*GIH : 
/��
4
��8
4
����,�9�	��
������
� �/a+c ov� b } �*a�b�� } tv�!w��*x�b � �*x

(xk, yk)
�+g�x p ��c�cHbdc�c�bdc

nt
_ } � o a+c7~��/c�c n�� b � wd�/a+c�xH�*a�x`�*a �

Nk
� ³ c�b }�� b �­³ t n b±_ } � o a+c Ö2���4Ø

r o a+wdbF� ³ cHb }�� �*x o �/a+c.� } bFwd� n a�x o a�_ � �*xH��~+x��+b±¹ } c�x`� p�p�} �4�/w�� o c9x��»�/c�c n�� b±x����*x9x��+b } �*a � � � � � }�o � ³ tvbdc
Nk

� } b ³�o a+� �]o �*tvcsª o x�� p � } � � bux�b } c
(nt, µ(θ;xk, yk))

Ö2�/c o aÄÚ.tvb o a ½dÛ¸Ü/Ý ~��������4ØT��È¸��ª«b � b }Lo x o csa+�/x
a+bdwdbdc�cW� } � } b��*t o c�x o w¸�2� }«³�o �/tv�/_ o w��*t��*a � bua �!oq} �/a � bua!xH�*t } b��/c��/a+c���g�a»�2�/wux�~?x��+b±bT¶ p b }�oq� bua!xH�*t�wd�/a ��o x o �/a+c
� ��� � � } � ��n�}�o a�_×x��+b6bT¶ p b }�oq� bua!x�Ö � � }�o �*x o �/a:�*�Fª o a � c p bdb � � } �*�Fx��+b p b }�o � � �*�F� �?n tvbdcD�2b } x o t o x��
�2� } bT¶�� �]p tvb7ØT��^¸cF� } bdc n tqx±x��+b�_ } � o a+c±_4bua+�/x�� p bdcF�/aÄ�ºcH� � b p t �*a!xs� } b o a��2�/wuxFwd� }�} but �*x�b � ��È¸bua+wdbZ�
��o c p b } c o �/a p � } � � bux�b }Fo c o a�x } � ��n wdb � �/c o a � �/tqtvbux�x»Ö ������� ØF�*a � x�� o c±���/c±tvb ��n c±x��6wd�/a+c ov� b } � � � } b
_4bua+b } �*t�c�xH�*x o c�x o w��*t � � � butm�

Nk = ntµ(θ;xk, yk) + εk
ª o x��

E(εk) = 0
�*a �

V ar(εk) = σ2ntv(θ, b; (xk, yk))
Ö2� � Ø

ª$�+b } b±x��+b
(εk)k

� } bs�/cHc n�� b �ºo a � b p bua � bua!x�~
σ2 > 0

�*a �
v(., .)

o c3� } b��*t,� n a+wux o �/a��
� �+� o wdbF�*��x��+b � � }�o �*a+wdb.� n a+wux o �/a

v
�

{ oq} c�x$ª«b±xH� ¬ bs� ³�o a+� �]o �*t�x�� p b � � }�o �*a+wdb.� n a+wux o �/aI�

v1(θ; (xk, yk)) = µ(θ;xk, yk)(1 − µ(θ;xk, yk)).

g�a6��c�bdwd�/a � x oq� bs�=t o a+b�� } x�� p b � � }�o �*a+wdb±� n a+wux o �/a o c p�} � p ��c�b � �

v2(θ, a; (xk, yk))) = (a + µ(θ;xk, yk))
�2� }

µ ∈ [0, 0.5]
�*a �

a ∈ R
+.

g�a � bdb � tv�?� ¬?o a�_ � � } b p�} bdw o c�butq���*x.bT¶ p b }�oq� bua!xH�*t � �*xH�»c��+��ª9c¸x����*x � ��c�x.�*�mx��+b�� ³ c�b }�� b ��� �*t n bdc9�2� }
µ
� } b`tv�?w��*x�b �´³ bux�ª)bdbua

0
�*a �

0.2
��g�x o cÇx��+b } bT�2� } b � � } b±�/wdw n�} �*x�b.x�� � � � but�x��+b � � }�o �*a+wdb¸� n a+wux o �/aº�/a

x�� o c o a!x�b }�� �*t&~ } �*x��+b } x����*a��/a­x��+b¸ª$�+�/tvb o a�x�b }�� �*t
[0, 1]

�+h�� } bd� � b } ~�ª o x�� l�n �/c o y&t oq¬ but o �+�!� �º� bux��+� � ~ o x
c�bdb � c$� p�p�} � p�}�o �*x�b.x�� n c�b±� � � }�o �*a+wdb¸� n a+wux o �/a ³ b o a�_�a+�/x$b l�n �*t�x��]���*xÇ����g�a � bdb � ~ o x o c«a+bdwdbdc�cW� } �Dx��
p�n x`ª)b o _���x¸ª$�+b } b ³ t n bF_ } � o a+c.� } bs� ³ c�b }�� b � � �:o x���x��+b ³�o a+� �]o �*t�x�� p b � � }�o �*a+wdbF� n a+wux o �/a�x��?� �sn wH�
ª«b o _���x o c p�n x¸�/a�c � �*tqt � �*t n bdc¸�*�

µ
~'tvb�� ��o a�_­x������*x�x }�oq³�n x�b�� � � } b oq�]p � } xH�*a+wdbLx�� � �*xH�Dª$�+b } b�x��+b } b

o c9�*t � ��c�x3a+�Z� ³ c�b }�� �*x o �/a+c } �*x��+b } x����*a�x��+b±� p�p ��c o x�b��
© �+b�� oq� o c»x��Äbdc�x oq� �*x�b�x��+b p � } � � bux�b } c � bdwux�� }

(θ, b)
ª$�+b } b

θ
o cZx��+b p � } � � bux�b } c � bdwux�� }´o aµx��+b

��o¯® b } bua�x±�&� �]o t o bdcF�*� o a ��oq�!ov��n �*t ��o c p b } c o �/a�� n a+wux o �/a+c {γ(θ;x, y), θ ∈ Θ and (x, y) ∈ R
2} �*a � b

o c
x��+b p � } � � bux�b }`p�} bdc�bua�x¸�/a�tq� o a­x��+b � � }�o �*a+wdb.� n a+wux o �/aIÖÞwT�m� � ØT�
{+� } x�� o c�~+� l�n �/c o y&t oq¬ but o �+�!� �­� bux��+� �­o c n c�b � Ö � b ��� b }�³�n�} a ��� �8�+~+È n bux ½uÛ«Ü�Ý������ Å4ØT�
� b.a+�/x�b

g(θ, b, nt;xk, yk) = σ2ntv(θ, b; (xk, yk))
�

^¸c�c n��]o a�_�x����*x
n
o c�x��+b´a n��L³ b } �*�.� ³ c�b }�� �*x o �/a+c�~�tvbux

p
� bua+�/x�bºx��+b ��oq� bua+c o �/a �*�`x��+b p � } � � bux�b }

� bdwux�� }
θ
�*a � x����*x p � } � � bux�b }

b
o c¸�/a+b ��oq� bua+c o �/a��*t&~'x��+bua l!n �/c o y&t oq¬ but o �+�!� � b l�n �*x o �/a+c±� } bL_ oq� bua ³ �4~

�2� }
i = 1, ..., p

�

Ui(θ, b) =

n
∑

k=1

∂µ

∂θi
(θ;xk, yk)

Nk − ntµ(θ;xk, yk)

g(θ, b, nt;xk, yk)

� �



�*a �

Up+1(θ, b) =

n
∑

k=1

∂g

∂b
(θ, b, nt; (xk, yk))

(Nk − ntµ(θ;xk, yk))
2 − g(θ, b, nt; (xk, yk))

g2(θ, b, nv; (xk, yk))

Ö2���4Ø

© �+b l�n �/c o y&t oq¬ but o �+�!� � bdc�x oq� �*x�� } �*�
(θ, b)

~)a+�/x�b �
(θ̂, b̂)

~ o c»x��+bua � bT¹+a+b �	³ �
Ui(θ̂, b̂) = 0

�2� } �*tqt
i = 1, ..., p

�*a �
Up+1(θ̂, b̂) = 0

�
��� } � � bux�b }

σ2 o c9bdc�x oq� �*x�b �­n c o a�_Zx��+b } bdc ov��n �*t � � }�o �*a+wdbD�

σ̂2 =
1

n

n
∑

i=1

(Ni − ntµ(θ;xi, yi))
2

g(θ, b, nt; (xk, yk))

Ö2���4Ø

� ¦�������¦8¥�� < 5�� < , ��½R ���Ü/Ã��9%�Ý7���/½uÝ �/�?À�À�Â�½WÃuÛ��/�ZÜ�Û&À/Á
(θ̂, b̂)

� Ã�Ü*ÃW¾�����Û&À�Û��0��Ü/ÝXÝ ¾ ��À��+Ã�� ÃTÛ�½���Û9Ü��'Â ��À��O�/½TÁ�
!½WÃ
����Â�� ÃTÛÞÁ���'��?Û��2À���Ü�ÛmÁ�Ü�Û�½ √

n
Û&ÀºÜ �H½���Û�½uÁ�½�Â �9Ü���ÃWÃ��2Ü���Â�� ÃuÛÞÁ���'���Û��ÞÀ�� +

5��/� < � Ü/Á²Ü��Z½dÛ�½TÁ
σ2 � ÃsÜ/Ý ÃuÀ´Ü*ÃW¾�����Û&À�Û��0��Ü/ÝXÝ ¾ ��À���Ã�� ÃuÛ�½���ÛÇÜ��'Â ��À��O�*½uÁ�
�½TÃ ����Â�� ÃTÛÞÁ��0'��?Û��2À���Û&À´Ü

χ2(n − p)
)

¿*��½uÁ�½
n
� ÃFÛ���½=Â4Ü�Û&Ü �O��� '�½uÁ=Ü��'Â

p
Â��/�D½��+Ã��2À���À"	FÛ���½P��Ü/Á²Ü��Z½dÛ�½TÁ!�*½;�dÛ&À/Á

θ
+

� } �?�*�$��{+� } Ö o ØT~+c�bdb¸�2� } bT¶+� �]p tvbFÈ n bux ½uÛ)Ü/Ý Ö ����� Å4Ø$�*a � �Þ� } Ö oqo Ø � �/tqtvbux�x�Ö ������� ØT�
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Graphique des données
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Résidus standardisés positifs Nig variance bin
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Résidus standardisés positifs Nig variance droite
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Résidus standardisés positifs Ghd variance bin
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Résidus standardisés positifs O−U intégrés 
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